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Let fe Cy, 57 and denote by =, the class of all algebraic polynomials
of degree <n. Define E,(f)=min,., [lf— pl and EX(f)=min{|f— p|:
pen, and p®(0)=0} where |h| =max,,,|h(x)| for he Cp,,;. Hasson
in [1] proved that, for k> 1,
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if feCk, ,; and f®(0)#0 where a<0<b, or if fe C¥ ,; and f*(0)£0
where ab = 0. Also, in that paper Hasson conjectured that if fe C_, ;7 and
/" does not exist at some interior point of [ —1, 1], then
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In this paper, we construct a counterexample to show this conjecture is
false.

Define f(x)=Y>_,(l/a,)cosa,0 with x=cosf, 6e[0,n] where
{a,}_, are all odd positive integers satisfying

(1)
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a

with each r, a positive integer and
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—< . (3)
j=§:+1aj aﬁ+1
It is clear that f(x)e C;_; (7 and
pim n+m—1
n j=n
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for some positive integer p and E,(f)=3"_ , 1/a; (see [3]). Furthermore,

a,>n

1 1
Ea,,(f)z Z ~<Gk+1.

Jj=n+1%J

Next we show f'(x) does not exist at x = cos{n/2a,). Let 4,,=n/4a,, — 0.
Then, for m>2,

flcos(n/2a,+h,,)] —f(cos(n/2a1))'
h

m

1 moq 7 a.m
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= 1 a;m
+ ) ;cos(z—‘ll-f-ajhm)}i

J=m+1%J

” 4a < 1 m
=Y siné,——= Y —>—-—1
j=1 Toom e 2
since ;€ (n/2, (3/4)n) by the mean value theorem applied to the first
summation.
This shows f'(x) does not exist at x = cos(n/2a,}e{—1, 1). But

EX) NP — PRl = If = Pull _ 167] ER(x")
E(f) E(f) ~E(f)

where |P,— f|| = E,(f), | PX— f| = E*(f), and b{" is the coefficient of x*
in P,. We can assume b{®’ does not go to zero; otherwise, we can take
f(x) + x* instead of f(x).

By Theorem 2.5 of [1], E*(x,)> N,/n* with N, independent of n. Thus,

-1,

BN — B (be)(Na
B, o P e 00N _
n— oo En(f) n-> o Ean(f) n-—» oo l/an

Remark. We can show even more: For any sequence B, with
lim, , ., B, = o0, there exists a function f'e C_, ;7 such that f'{x) does not
exist at some point in (—1, 1), and

im0
n— En(f) Bn

To show this we only have to alter (3) to ¥, ,,1/e,<1/B,af*' in
constructing the above function f. Also this example with little change can
be applied to Cp, , with O [a, b].
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Since the above conjecture is not true, one is led to inquire about the
lim inf in place of the lim sup in quotient (1). This remains open. In [2]
M. Hasson and O. Shisha proved the following theorem:

THEOREM A. Let a<0<b, let k>0 be an integer, let 0<a <1, and
suppose for some positive A, EX(f)/E,(f)= Axn® holds. Then f® exists in
(a,b) and on each [a',b'] with a<a <b' <b, f® satisfies a Lipschitz
condition of order a.

This theorem implies that if f*)(x) does not exist at some point in (a, b),
then for any 6 >0

lim m =
oo E)°

For feC,,; and ab=0, using similar techniques together with the
estimate of EX(x¥), EX(x*) < N /n* of [1], we can prove

(4)

THEOREM B. Let ab=0, let k>0 be an integer, let O<a<1, and
suppose form some positive Ay, EX(f)/E(f) > A,n® holds. Then %) exists
in (a, b) and on each [a', b'] with a<a' <b' <b, f®¥ satisfies a Lipschitz
condition of order a.

This also implies (4) for any § >0 if f@*)(x) does not exist at some point
in (a, b) for ab=0.
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